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Preface

i

e

The present article contains the results of scientific re-
search during the last years of the war, which research was

planned on a considerably larger scale, as yet only partially

LT e

carried out, and whose continuation and conclusion cannot yet be

foreseen.

This paper was originally prepared as a lecture becfore a
gathering of specialists, but was then reqdested for official
publication. It was accordingly revised and enlarged and, after
completion, on account of being toco voluminous, was released
for publication in some other way. This explains the nature of
the composition and the addition of thé appendix. I shall now
leave it as it is and let it go forth into the world as proof

that, even in times of direst need, sanctuaries were provided

for scientific research.

1. Introduction; Earlier experiments.

During the last few years, many articles have becen pub-
- lished on the law of similitude as applied to the phenomena of

friction in fluids (see Appendix). We will here call attention

only to the 1I+lulus publlshud by Blasius,* by Gumbel** and by

*1Das Aehnlichkeitsgesetz bei Reibungsvorghngen in Fllzsigkeiten,®
Zeitschrift des Vereins Deutscher Ingenicure, 1913, No. 131.
**11Dag Problem des Oberflachenwiderstandes," Jahrbuch der Schiff-
bautechnischen Gesellschaft, 1913, p. 393.
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Stanton and Pannel.* Other references will be found in these art-
icles. . |

Aside from the fo?egoing,’the best known investigators in
thig field are Saph and Schoder, Darcy, Nusselt,, Reynolds»and Lang,
though the list could be considerably extended.

| While the law of similitude has been abundantly confirmed for
tubes, its applicability to flat surfaces has, hitherto, not been
verified by a single investigator, although the theory undoubted-
ly applies.

The reason lies primarily in the much greater difficulfy and
cost of such experiments; secondly, in the fact that the results
of the classical experiments of Froude** had been universally ac-
cepted; thirdly, in the fact that only in recent times we have
gradually come to recognize the applicability of the law of simil-
itude to fluids of various ﬁisoosities; and, lastly, in the fact
that the constantly inoreasing accuracy of the experiments enables

the introduction of new factors (e.g., even a slight variation in

" the temperature of the fluid) into the computations.

* ngimilarity of Motion in Relation to the Surface Friction of o
Fluids," Philosophical Transactions of the Royal Society of London,
Series A, Vol. 214, 1914, page 199. :

** W, Froude, "Experiments on Surface Friction Produced by a Plane
Moving through Water," a paper read before the British Association
at Brighton in 1873.

W. Froude, "Report to the Lords Commissioners of the Admiralty
on Experiments for the Determination of the Frictional Resistance
of Water on a Surface under Various Conditions, performed at Chels-
ton Cross, under the authority of their Lordship, read at Belfast,
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Perhaps the on1v exoerlwonts which have been published, since
Froude's famous reports, are thSb puo“1shed by the writer in .
1908.* These Dresdeanebigauer experiments covered only a small
range, in comparison with Froude'!s experiments, but were otherwise
very similar. They were only intended to furnish the coefficients
for a certain coat of paint on wooden models by means of Froude's
formulas for the determination of a ship's resistance from exper-
iments with models. They cohtained the same errors as Froude's
experiments, namely, those due to thre neglect of the water temper—
ature and the termination of both ends of the wooden planes by
smooth, sharp brass plates. Noreover, the planes were not similar
in their dimensions, but the shorter plane was made from the lon-
ger plane, by simply cutting off a portion of the latter and re-
placing the sharp-edged strip of brass. Hence, experiments
could not be repeated with the loag planes. These experiments
were executed, however, with great care and yielded somewhat
smaller values than those of Froude, although the planes had a
greater thickness (8 mm ingtead of 4.8 ma). For the evaluation
of the resulﬁs, the smaller resiétance of the two brass strips,
towed alone through the water, was replaced by the greater re-

sistance of a lacquered sharp steel plate of 2 mm thickness,

- which was not done by Froude.

Blasius attempted 4o ascertain the law of similitude from

these results with dissimilar planes and, although he found con-

* Gebers, "Ein Beitrag zur experimentelen Ermittlung des Wasser-
Wlderstandes gegen bewegte Xorper," Zeitschrift "Schiffbau,™
Vol. IX, Nos. 12 and 13.
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giderable agreemént with thie theoretical considerations, there still

‘remained some uncertainty, on account of the scattering of the

points and especially in the introduction of the temperature of

the water.
2+ Apparatus.

In 1914, at the suggestion of the writer, the managemcnt of
the "Schiffbautechnische Versuchsanstalt" in Viemna decided to in-
stitute a series of experiments for determining the law of simil-
itude. It was hoped, through the much greater available velocity
than in Froude's experiments and through improvements in the appa-
ratus, to make permanent progress in . the solution of the whole
problem. The new institute 4id not at first expect much buciness
in the form of paid towing exveriments, but considerable time for
scientific research. The criginally very imperfect apparatus
would not have sufficed, however, for many other scientifilc in-
vestigations, even though very alluring.

The founder of the Viemna Institute and the President of the
Experimental Department, Dr. Wilhelm Exner, who took an active
part in raising the considerable amount of money required, de-
serves great credit for the realization of the experiments.

"*Sinothhe-Institute»was-expected to begin operations early in
1916, preparations for the experiments Were‘initiated in the sum—
mer of 1915 This was fortunate, for it would have been inrdly

possible to obtain the necessary materials later.
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Previous experiments had indicated that the stiffest, most
homogeneous wood was about the only suitable material for the pro-
duction of long planes for towing in the vertical position in

water. California redwood was chosen and a few suitable timbers

were fortunately found, which were cut into the desired form. The

dimensions of the planes had tc e governed by the dimensions. of
the timbers. I+t was possible to make a plane iO m long and O.5 m
wide by simply fitting two boards together. Each planc was pro-
vided with a lead keel (the same as in Froude's experiments),
which held it vertical at just the right depth. In the Dresden
experiments, however, the planes projccted a little above . the
water, instead of being towcd entirely submerged, as in Froude's
experiments. This was done to eliminate onc of the edges, on ac—
count of the possibility that the resistance on the edges might
differ from that on the sides.

In order to obtain the maximum uniformity, the ends of the
plane were provided with wedge-shaped tips made of sheet brasse.
If the ends of the wooden plane itself were sharpened, the tapered
portion would bc uneven and would, moreover, be very easily dam-
aged. Preliminary expcriments had demonstrated that sheet brass
and also lead could be rgndered smoother with lacquer, which was
accordingly spread over the whole surface.

Planes having the following dimensions were omployéd.
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Table I (Sec also Fig. 3).

a |~ - G d e 4 f g h
4 Plane’| Length | Height | Thick-| Depth | Length Length Height
¢ incl. incl. ness sub- of end of . of cnd
W No. | tapered lead merged | sections! tapeted eections
oy ends keel -1 portions
Fe n .mm m mm L omm ' wm mm
!ﬁfz . -
N 1.85 | - 70% | 2.5 62.5 60 50 113.5
3 11 245 135 5 125 120 100 175
;% III 5 .- 375 10 250 - 240 300 350
3 Iv 7«5 410 15 375 360 300 500
%g v 10 535 a0 - 500 480 400 650
| * Had no lead keol.

In addition to the above, there were prepared: one plane 5 m

iong, 10 mm thick, with a submersion depth of 500 mm; and two planes

for lengthening the 10 m plane to 15 m and 20 m respectively, The

T T T I I A g R

wider 5 m plane was expected to show whether the spcecific resistance
varies with thc height of the surface. For the same purpose, o va-
rying submersion of plane III wae algo pnlanned. The tapered end

sections had to be made wider than the rest of the plane, to allow

for attaching the towing device.

The wood was exceptionally straight-grained and free from knots.
E It proved to be much more suitablg than the pine wood empioyed in
3'_ the Dresden experiments. The planes. neither warped nor dished.
E The ldcquer spread easily and uniformly on the ﬁood, which had been
%a previously. planed and. soaked with linseed oil. The specific grav—
ity.of the pnvarnished wood was found, by weighing, to be 0.3925,
for a plane 10 mm thick, and 0.3867 for a plane 30 mm thipk. The -

specific gravity of the lead was taken as 11.6 and the h01éht of

=
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the lead keel was so calculated that the planes, with the extra

weight of the tapered ends, sank a little deeper than was desired.

for the experiments. They could then be easily édjusted in attach-
ing to the towing device. The basin for the experiments had a
width of 10 m, a length of 180 m, and a water depth of fuliy 5 m.

The maximum speed of the towing car, which ran above it, was nor-

- mally 7.5 m/s and this could be increased to 8.5 m/s by overload-

ing the motoTS . Though the latter speed was employed without ap—
prehension in the first experiments, it was subsequently discon-
tinued, on account of the great increace in the cost of repairs
and the difficulty in getting them made promptly, due to the con—
tinuance of the war. As measuring instruments, we had the Insti-
tute'!s resistance dynamometer and a suspension device for the
front tapered section of the plane (Fig. 1). With the aid of an
auxiliary spring, it measured up to 70 kg. For greater forces, a
special device (Fag. 3) was constructed, which, with the aid of
the dyngmometer, could measure up to 200 kg. Only ball and knife—
edge bearings were employed. The rear tapered section of the
plane was suspended by means of a small steel wire about 2.5 m
long, from the middle girder of the car or from an extension of

the same. The dvnamometers balanced thereby in their middle posi~

tion... The calibration was made by employing a wheel (in the first

case, a 1ighf aluminum wheel of 250 mm on ball bearings; in the
second case, a bicycle wheel from which the tire had been removed)

and a stecl wire passing over it with a sultable weight attached.
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i When the car was at rest, the dynamometer itself had an error of

# less than 1 g; the smaller device with plane, up to 10 g; and the

fi iarger, up to 40 g. When cubjected to vibrations, however, the in-

i ertia was much legs.

Se Contemplafed Determination of Form Resistances

Unfortunately, it is not practically possible to tow a plane

of infinitely small thickness. For the salke of strength and es-

§ pecially of rigidity, the thickness must be increased, as the

e M
i ) 4

length is increased and still more as the width is increased, es—
pecially for high spceds. Froude succeeded with a thicknessg of
only 4.76 mm cven for planes 15 m long and 480 mm wide, but only
for spceds up to 3.03 m/s. For the new experiments with similar
plancs, howcver, the thickness was determined by the fact that a
thickness of the wood of 2.5 mm was neccssary for attaching the
tapercd eads to the smallest plane of 1.35 m length. This auto-
matically required a thickness of 230 mm for the 10 m planc.

It also scemed inexpedient to increase the length of the taper
to more than twenty times the thickness of the vlane. For such an
increase in the thickness and for the desired high spceds, it was
considered no longer possible'to disregard the wave-forming effect,
as Froude did, or simply to substitute the resistance of a thin
painted stcel plane for thatvof +he smooth tapered brass sections
fitted together, as was done in the Dresden experiments.

In whatever way the subject was approached, 1t was impoecsible

to determine accurately the effect of the thickness and of the
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tapering, so as to eliminate them. Almhéugh this was possible,
under certain conditions, for the front end, it was impossible to
déféfﬁiﬁémaocuiately the diéplaéément ofifofm resistance at the
rear end, which found itself in the water currcnt produced by the
whole of the plane preceding it, even by measuring.the velocity
of the water at this pointe.

In order, at least, to be able to introduce an approximate
value for this resistance, the following method was adopted.* A
body 1 m long was to be made by inserting a short lacquered wooden
planc between the tapered cnds of the 10 m plane; likcwisec between
the endsg of the 7.5 m and of the wider 5 m plane, hcreinafter to
be designated as the 20 mm, 15 mm, and 10 mm ends. Thelr rcsist-
ances were to be determined for the contemplatced rangc of specds.
Moreover, & lacquered brass plane, about 2 mm thick, sharply to~
pered at both ends, and of the samc length as the combined ends
attached to the wooden planes, was to be towed with a 1ike sub-
mersion of 375 mrme. The resistance of this brass plane was to be
taken as the pure frictional resistance of the cowbined ends qnd
the displacement resistance for the other tapered ends was to be _
calculated according to the law of similitude, although the simil;
itude was only conditional. Since, however, the displaéement TC—
sistdnce of the two ends of a plane, at lcast of the rear pnd,
had to be smaller than the resistance thus dctermined, only ;/4

of the total was to be introduced into the calcu]atlon. The re-

* The air resistance for the apparatus could not be ¢utcr%1rcd fo)'s
special experiments. For the plancs, it was mostly ellmlnmtcd by
the method employed. -
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slstance of the rear section of the plane would,  thereforc, come

into the calculation only with the half of the combined ends, an
arbitrary but not unreasonable assumption.

First, therefore, the three pairs of tapered ends‘and a corre-
spondingly‘tapered brass plane were prepared. The perfect produc-
tion of the latter was difficult and was accomplished only by re—
peated heating and careful hammering and finally by polishing
with fine emery. It was then carefully lacquered and had a thick—
ness of 2.3 mm in the finished condition.

The tapered ends for the smaliest planes were made of solid
brass, but for the larger planes of sheet brass, which was drawn
over smooth iron wedges and fastened together with copper rivets -
(Fig. 3)e The spaces between the wedges were filled with paraf-
fin. They were joined to the planes with countersunk screws.

A11 rough places were polished and lacquered. The lead kecls were
likewise attached with countersunk screws and then lacquered. The
joints were polished, %o that the planes presented a perfectly un-

iform, smooth surface.

4. TExperiments with the Tapered End Sections and with Similarx

Planes in Cold Water.

" On April 11, 1918, the experiments were begun, the brass
plane being first attached to the towing apparatus. All the dif-
ficulties inherent in the towing process immediately appeared and

increased rapidly with the speed. It is not easy to attach a
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plane with perfect accuracy, in the direction it is to e towed,
5§'6ﬁIVJOhéwédge. Even the slightest error affects the measuré—
ments. The rails employed were accurately shaped, so as to follow
a great circle of the earth within 0.1 mm, and all running sur-
fades were mosit acburétely planed under exactly the same tcension
to which the& were subgequently subjected on the walls of the bagin.
The greatest care was also exercised to construct the towing car '
so that it would be free from vibrations. Neverthcless the brass
plane immediately began to vibrate transversely to the line of at-
tachment and at a speed of 6 m/s it suddenly bent double. It was
carefully straightened and remounted with still greater accuracye.
On April 14 it was again ready for use. In the mecanwhile the ex—
periments with the joined pairs of tapcrcd ends had been beguns
Since vibrations also arose in the towing of the 20 mm and 10 mm
end-gsections, the eiperiments were carried to a specd of only 6
m/s, in order to avoid accidents. The 15 mm, on the contrary,
could be towed at higher speeds, since the vibrations were less.

The brass plane twice more suffered the same accident at a
speed of about 6 m/s, so that it was finally raised and towed
with only 300 mm submerged.

In the intervals while the brass plane was being strdightened,
the towing experiments with the wooden planes were immediately be-
gun, since all the time had to be utilized, in order to have as
nearly uniform water temperature as possible for dll the experi~

ments, there being, at this season of the year, danger of its in-
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crecasing rapidly. On May 1, the experiments were temporarily dis—
continued, all the planes, excepting the 10 m plane, having been

towed. The latter was not finished and was first towced o year

later (April 17, 1917) at a water temperature of about 10°¢.

The results of these experiments aré shown by Figs. 4,5 in
the usual manner. Each.test furnished one point in a system of
coordinates, whose absclssa represents the m/s and whose ordinate
represents the corresponding resistance. Through the points thus
obtained, curvés were subsequently drawn as accurately as possible.
The dateg are also given.

We will first consider Fig. 4. The curves are numbered in the
order of the experiments. Curves 1, 4, 7, 8 and 9 represent the
experiments with the brass plane with a subversion of 375 mm.

Only curves 4 and 7 were completed, the other threc being discon-
tinued as unimportant and confucing. At the lower spceds these
show a considerable divergence from each other. Curve 7 shows con-
siderably larger resistance values thoén curve 4, which cannot be
drawn smoothly through the individual points; gsince it first as-
cends slowly, then steeply and then, for higher speeds, forms a
new slowly ascending curve. It is reasonable to assume that curve
4 first represents laminar friction, then a transition stage and
then turbulent friction, while curve 7 represents no laminar stage
at allsy The other curves apparently represent a mixed condition.
At higher speeds, all curves converge into one curve of turbulent
frictional registance.

* At this point, it is appropriate to mention thrat, for ship models
(Continued at bottom of page 14.)
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The scattering, which occurred in the experiments, oaﬁ only
be ékpiaiﬁéd“bymah imperceptible tension of the planes, or by a
chgnged condition of their surface from long immersion in wator
(opéning of glued cracks or roughening of the lacquer).

The 10 mm pair of tapered end sections gdve resistances,
which nearly coincided with the above branching of the resistance
curve of the brass plane. The 15 mm ends, on the contrary, gave a
resistance curve, which at first coincided with the lower fork of
the resistance curve for the brass plane, but subsequently branched
upward.l It is possible that a repetition of the towing cxperiments
with both these pairs of end sections might give the other fork of
the resistance curve of the brass plahe, or intermediate curvces.

For greater lengths, the branching would surely have ended at
lower speeds, the same ag for ship models, and it 1s safe to as—
sume that, for planes as well as for tubes, a certain leangth is
required to produce the condition of complete turbulcnce. For
tubes, Blasius required about fifty times the diameter for the

starting distance, the location of the same being dcpendent on the

*(Contd. from page 13)

two entirely separate resistance curves are obtained. There ig no.
scattering of the resulting points, which fall either in the upper
or lower resistance curve. For illustration, Fig. 4a is added here.
How it happrens, that in one instance the upper and in the other in-
stance the lower branch is followed, has not yet been sxplained.

No means has vet been found to compel one or the other, for the in-
dividual results often follow one another on one day in the one
branch and on the next day in the other branch. The experimental
apparatus in the Vienna Institute is so perfect, that a resisvance
measurement seldow falls ocutside of the curve subscguently drawn
through the individural wmeasuring points. The branching took place
only for gpeeds of 1.1-1.4 m/s and principally with the 5 m model.
On the other hand, the least temperature change in the water had the
expected effect on the results.
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spced. Even then we must observcla certain product of the length
times the svced, whose magnitude scems to be about 5 m®/sec. For
ship modcls, we do not have.to calculate the whole length of the
surface, but only to the point where the frictional boundary layer
of water separates..

There is nothing special to note regarding 30 mm pair of end.
gsectionss

This is not the case with the results of the experiments with
the wooden planes plotted in Figz. 5, aside from the otherwise quite
unwonted scatteéring of the measuring values, in which a reason for
the difficulty of such experiments is obvious. The absence of
such a noticeable scattering in all the Froude and Dresden diagrams
is partially due %o the fact that substantially lower speeds were
employed and also to the fact that the planes were apparently
tegted only a few times and always on the same dave.e This would ex—
plain why the day-effect, now exhibited, eilther bccause of a change
in the surface or in the tension, was not noticed in the earlier

experiments. It might be advisable, in the future, never to leave

“the planes in the water morc than one working day and to apply a

new coat of lacquer before sach experiment.
5. Magnitude of Form Resistance.

We rust now try to make, from the irregular measurements of
the resistances of the brass plane and of the pairs of tapcered enc

sections for the displacement resistance of the planes, the deduc—

.
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tions necessitated by *the rcesistances of the planes, in order to

determine the surface resistance. For this purpose, we will follow

the course already adopted as the basis for the experiments in
gquestion. |

To begin with the determination of the magnitude of the re-
sistance ofbthe brass plane, the smaller submersion depth gave
greater stability. Table II gives the values obtained. It 1s seen
that th;se values conform very well to a quadratic speed lawe.
From thcem the values for the more deeply submerged planes were cal-
culated, corresponding to the increase in area of the submerged
surfaces, which, with the observed values for the upper branch of
the fork, are also given in Table II. Thege two values agree very
well, so that they may be regarded as satisfactory for most cases

of turbulent friction. Here olso the values would conform to a

- guadratic speed law, as shown in column e. In order to corre-

spond to the experiments with 300 and 375 mm submersion, the val-
ues in column 4 were dctermined by graphic means and rcgarded

as surface resistance.
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Table II
a b ! o a e £
Speed | Resistance | Resistance | Resisbtance | Registance |
: calculated | found from according
from b and c to Remarks
plane 1 quacdratic
' law
m/ s g g g g
Brags plame I, lacquered, 1 m long, 200 rm submérged.
Temperature of water, 10.7°¢ ; ‘
1 753; ' e3 a) Very
2 238 250 variable
3 551 563
4 1001 1000
5 1553 1562
6 28235 . 2350
7 3036 30€0
8 4000 , 40G0
(7.5) (3502) (3520) .
Brass plane II, lacquered, 1 m long, 375 mm submerged.
Temperature of water 9.7°¢C.
2, l - ;
1 106°) | 137 106 117 b)Read
2 449 446 448 470 from
3 1112 1033 1090 1053 upper
4 1968 1876 1935 1675 branch
5 2955 2230 3940 2940 of fork
S} 4165 4170 4170 4223
7 5620 5690 . 5750
8 7500 7500 7500
(7.5) (6570) (6570) ( 6600)

The determination of the form resistance for the tapered end
sections seems ruch less reliable. The results of the resistance

measurements are given in Table III, column b. By subtracting

therefrom the surface resistance, we obtain the form resistance

given in column ¢. This cannot be negative, however, and it is
evident that here a more or less laminar friction has created such

disorder. Theréﬁy perhaps, with the thinner end sections, the
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longer middle sections produced an especial effect. But how shall
" we dotermine this effect from the avéilable data andlrhat values
chall we finally adopt for the similar long plancs?

Thé value of 600 g was adopted as purc form rcsistance‘for the
speed of 6 m/s for the 20 mm end scctions and it was assumed fhat
this corresponded to the square of the spced. It would according-
ly give column 4 of Table III.

it was further agsumed that the form resistance follows
Froude's law of similitude and that it accordingly increases with
the third power of the ratio of similitude for speeds which vary
as the sguare root of the ratio of similitude and for similar
planes. Thus column ¢ of Table IV was obtained. Lastly, the
already-mentioncd congideration was accepted and thrce-fourths of
the value of the thus-determined form resistance was subtracted
from the resistonces of the towed planes and the remainder was

then regarded as the surface resistance.
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, Table III.
a o c d
speed. Resistance - ! Differs from Displacement
. plane resistance
resistance according to
quadratic Bw-
n/sec. g g o
Pair of ends, 10 mn thick, 1 m long, 375 mm sﬁbmerged.
: Temperature of water 1C.5°C
|
1 46 ! 13
2 461 | 23
3 1112 3 -3
4 1933 i 13
5 2958 i 30
6 4350 | 155
' !
Pair of ends, 15 mm thick, 1 m long, 375 mm submerged.
Temperature of water 2.7%
1 95 ‘ ~ 11 9
2 322 ~ 126 26
3 881 -209 80
4 1845 - 90 1423
5 3040 -100 233
5} 4430 320 320
7 6095 405 435
(7.5) (7000) (430) {500)
Pair of ends, 20 mm thick, 1 m long, 375 mm submerged.
Temperature of water 10.3°C
1 130 24 17
2 573 125 87
3 1300 210 150
4 3335 290 267
5 3400 460 420
6 4770 600 600
- - As shown Dy Table IV, no important results were obtained from

testing the end sections ancd comparing their resigtances with that

of a thin lacquered brags plane, since the form resistance, ob-

tained chiefly by all sorts of considerations and tut little by
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direct measurement, averages less ﬁan»l% of the total resistaunce,
's0 that, even without its subtraction, the surface reéistance, at
least of the gnall planes, would seem to De obtained with suffi-
cient accuracy by the simple towing experiment with the whole
plane. Ounly with the large planes docs the form‘resistancc (up

to 1.5% with the 10 m planc) finally becoue noticeable.

" The results were furfher cvaluated, immediately after the de-
termination of the surface resistance, by plotting them in Fige 9.
Hencc as carly as May, 1916, the correct principles were estap—
lished, which were corroborated by all subéequent cxperimentse

Beforc considering this matter furtacr, however, it sccms ad-
visable to become acquaintcd with the progress of thé experimente
and the valueg cbtained and, in conclusion, to give a summary of

them all and of the laws established by thexy.
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‘Table IV.

Resistances of lacquered woodern planes, 21l similar,
with lacquered brass end scctions, at low water temperature.

a b ¢ a e
Specd | Measured Digplacement ! Displaccement
resistance | reeistance resistance Surface
of plancs of end sec- of end sec- resistance
and end tions alone tions in of
sections corbination | planes
vith the
planes
n/s g & g g .
Plane 1l.35 m long;. tcmperature of water 10.23%
!
1 15 0.35 | 0 15
3 130 le4 ! 1 130
3 280 32 2 280
4 480 5.6 4 480
5 750 8.7 7 740
8 1035 12.5 9 1025
7 1380 17 13 1365
8 1770 23 .4 17 1750
(7.5) (1570) (19.5) (15) (1550)
Plane 2.5 m long; temperature of water 9.9°¢
1 110 1.32 5 1 110
2 410 5.58 } 4 410
3 880 12.5 ; 9 870
4 1550 23.3 | 17 1530
5 2330 34.7 ; 26 22320
6 3230 50 | 37 3170
7 4400 G8 2 51 4340
8 5840 &9 67 5770
(7.8) | (5130) (78.2) E (59) (5050)
Plane 5 m.long; temperature of water 9.706
1 400 5.508 4 400
2 1560 823 17 1540
3 3310 50 37 3370
4 5700 a9 e7 5620
5 8620 139 104 85230
6 13040 200 150 11890
7 . 16300 - 273 204 168000
8 21180 356 2067 .1 30210
(7.5) | (18520) (313) (235) (18350)
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Table IV (Cont.)
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Resistances of lacquered wooden planes, all similar, -

‘with lacquered brass end sections, at low water tempcrature.

6. The Wide B~Meter Plane and the b5~lMeter Plane

at Different Degrees of Submersion.

a b ¢ a e f
Speed | Measured Displacement | Displacement
‘ resistance jresistance réeistance Surface
of planes of end sec~ of end sec- resistance
and end tions alone iong in of
sections combination planes
with the
planes
m/s g g g g
i
Plane 7.5 m long; temperature of water 10.700
1 840 12.48 Q 830
3 3240 4969 37 3300
3 6860 131.4 91 77
4 11790 200 150 11640
5 18010 312 238 17770
6 25330 450 337 24980
7 34000 612 4359 33540
8 44000 799 599 43400
(7.5) (38860) (703) (537) (38330)
Plane 10 m long; temperature of water 8.3°%¢
1 1450 23 17 1430* *400 ¢
2 5670 89 67 5600 at
3 12360 200 1850 12210 0.5 m/s
4 21340 356 - 287 20970
5 31780 556 417 31360
S} 44330 800 600 43730
7 59600 1020 817 58780
8 ——— 1420 1315 ——
(7.5) (68300) (1252) (940) (67380)

We have already referred to the construction of a 5 m plane

and of a similar plane with twice the submersion depth, to be used

for the similitude experiments, and briefly indicated the reason
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thercfor, which we will now cxplain morc fully.

If we consider a plane, of infinitely small thicknéss in front,
standing vertically in water with its upper edge projecting, it is
evident that the uppver portions of»fhe surface, when the plane is
moving horizontally, affect only the lateral layers of water and,
since all portions of the gurface have the game speed, we may,
perhaps, assume (a sufficient width of the plane being taken for
granted) that cvery upper.particle of the surface acts on a water
prism perpendicular to the surfacé,‘

But, on the lowcr edge of the plane, the water particles can
passg from one side to thc other and, since the layer of moving
water acquires thickness with incrc&sing length, it is obvious
that under the lower cdge of the plone there ig also a layer of
water of corresponding thickness, which must be carried along by
the lower portion‘of the plance.

This abgorbs power and the logical conclusion is that narrow—
er planes migt have a greater specific surface resistance than
wider planes. It is thercfore desirable, for the dctermination of
the gonerél law of surface resistance of rectapgular plancs, toO
try towing experiments not only with plancs of various lengths,
but also of the same length but different widths.

The wider S5-meter plane was towed on April 35 and 86, 19168,
along with the first experiments with similar planes. The results
are therefore included in Fig. 5. The resistance points, at the

hest speeds, showed considerable scattering, probably due to

oy
(5]

hi
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disturbing vibrations.

24

+ is indeed conceivable that such a wide

plane of -such thinness is more flexible than a thicker one and

that a gréater length of - the flexible body communicates its vibra—

tions more readily to the holding device, however rigid the latter

may be.

the points of minimum resistance, egpeclally

It was therefore endeavored 1o draw

the curves through

for the highest

speedse
Toble V.
a i) c | d e
Speed | Resistance | Displacement %Sarface Surfacc resistance
of plane resistance  resistance| calculated from
with end of end sec- |{n round that of the plane
sections tions com— inumbers) submergzed 250 mm
tined with |
plane !
m/s g g | & g
T

Plane 5 m long, 500 mm submerged; water

O-TOUI» R

(7.5)

ance, that found for the form resistance and, in column 4,

780
2950
6360

10980
18800
233700
41210
419240
(36680)

8
34
74

134
208
300
408 -
534

(470)

b
3 770
' 2920
£390
10850
16590
23400
31500
41010
(36210)

temperature 10.2°C

784
3050
6480

11130
16870
23550
31700
41400
(36150)

Table V contains the numerical values of the mcasured resist-

the

difference between the former two, as the surface resistance at
various speeds. For comparison, the proportionate resistance of

the 5 m plane, smeerged 250 mm, is given in column

1.01
C.BL?

e, This is

calculated by the formula w X in which w denotes the
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curface resistance of the first plane. As here shown, the specific
surface.resistance of the wider plane (column d) is smaller than

that of the narrower plane (column e), notwithstanding the possi—~

. bility of greater vibrations.

This result emphasized the nezd of further expcrimentation
with narrower and narrower submerged surfaées, by letting the 5m
plane project farther and farther above the water. It was not un-
£il April, 1917, thot time was found to ocrform these experiments,
the average temperature of the watcr then being 8°¢.

First, the 5 m plane vas opaln towed with a submersion of
250 mm, in ordecr to conncct with the provious experimenfs and also
as a basgis of comparison. It was then towed at submersion depths
of 150, 100, 30 end 35 mm, the results being shown in Fig. 6. It
immediately becare evident that tho rosistance was not proportion—
21 to the submersion, but increased wore slowly than the depth of
subnicrsion. In order to keep on the safe side end not incur the
risk of having to hunt for a cause in the lead kecl and its mcthod
of attachmcont, another vlane without any lead keel was quickly
constructed and towed in the sare way. As shown by Fig. 5, %he re-
sults agree throughout with those obtained with the former plane.

The objection that greater vibrations incrcased the resist—
anqgrqf the lower portion of the surface cannot be denied, but
neverthelcss the smaller specific resistance of the twice-as-wide
plane was obtained. The numericel valués'of these experimental re-

sults and the surface resistance obtained therefrom, in a manner
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similar +to that previously émployed;‘are.contained in:TabIe~VIl
The displaoemeﬁt resistanoé was considered as proportional to the
submersion depth and ﬁas taken from Table IV-. |

If we compare th9 surfaée resistance, now found for the 6 m
plane and a submersion depth of 350 mﬁ, with thxrprGVioﬁsly ob-
tained, we observe that the later results are.throughout gp@@mhaf
greater than the oarlior,‘ Thig is partially due to thﬁ%i%ﬁerJtem—
perature of the watcr. The balance may be reasonablyfregarded
as coming within thec limits of the accuracy attainable in preiia
ments of this kinde.

The further evaluation of the experimental results Will be

made later, in comnection with all the others.
7. Experiments in Warm Water.

It is comprehensible that an endeavor should be made to deter—
mine the effect of the water temperature on the experiments with
planes, for the sake of completeness. This experiment is easily .
performed with tubes, since it is relatively easy, withouf great
eXpensé or froublesbme'devices, to heat the requisite amount of

water to quite a high temperature. It is othcrwise in experiments

‘with planes on the scale under consideration. The artificial heat-

ing of the 8000 to 9QOOvmﬁ of water in thé_bas;n was not practi-

cable. It was only pragticable to utilize the natural summer in-

_crease in temperature. It was extremély doubtful, however, as to

whether the few degrees differande would give sufficiently accu-
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rate results, due £o the difficulty of verforming really perfoct

‘experiments with regard to so many other factors.

Table VI.

Resistance of a lacquercd plane, 5 n long and 10 mm thick, towed
i dlffeLGnt submersion dcpths in water Wlth an average temperature
of 8%¢.

Experiments performed in April, 1917.

a b | o] a
!
I
Speed Measurcd resistance | Displacement Surface resistance
of planes with ta- resistance (in round numbers)
pered end sections
/s g | g g
Submersion dcpth 25 mm
1 50 0.4 50
2 2330 i 1.7 230
3 ' 490 367 490
4 840 8.7 830
5 1200 10.4 1190
6 1810 15 1595
7 21380 20+ 4 2160
(7.5) (2550) (23.5) (2525)
Submersion depth 50 mm
1 20 0.8 90
2 360 3.4 360
3 785 7.4 780
4 1370 13. 4 1355
5 2085 30.8 20€5
6 23235 30 2905
7 3950 40.8 3910
(7.5) (4500) (47) (4450)
Submersion depth 100 mm
1 160 1.6 160
3 830 6.8 £35
3 1405 14.8 1290
4 2480 26.8 3455
5 3750 41..6 2710
& 5340 60 5180
T 7030 81l.6 8250
(7.5) (8080) (94) (7965)
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Table VI (Cont.)

Resistance of a lacquered plane, 5 m long and 10 mm thick, towed at
dgf? erent submersion depths in water with an average temperature of
8-C. Expcriments pcrformed in April, 1917.
a b : c g d
Speed Measured rcsistance |  Displacement ‘ Surface resistance
of planes with ta- resistance (in round numbers)
rered cnd sections
m/ s g g g
Submersion depth 150 mm
1 244 2.4 240
2 995 10.2 985
3 2105 853 2080
4 3565 40.2 3535
5 5390 62.4 5330
6 7560 510] 7470
7 10350 133.4 10135
(7.5) (11850) (141) (11710)
Submersion depth 250 mm
1 400 4 395
3 1570 17 1555
3 3330 a7 32390
4 5730 67 5860
5 8700 104 85956
6 12340 150 12190
7 16630 204 16435
(7.5) (1e980) (235) (18745)

It was nevertheless decided to try the experlment and it was

hoped at least to verify the values previously obtained, even

though the results might not be accurate enough to determine the

- effect of the heat.

Unfortunately,

it was impossible to restore

the more or lesg scratched planes to their original perfect condi-

tion, which we would have been glad to do.

shellac had become extremely rare,

owing %o

Time was lacking and

the blockade,

so that
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we could not 1a¢quer the planes‘as a whole, but only %he roughest
places. The'ex@eriments were performéd in the period from August
24 to 29, 1916. Not much time could bc devoted to them and con—
sequently not all the planeé could be uged. In order, howevér;
to obtain as comprehensive results as possible, the brass plane
and the pairs of tapered end sections were again used in the ex-
periments.

The results of the individual expecriments are shown in Fig. 7.
No scattering was obscerved, with the exception of two results of
the experiments with the 7.5 m plancs. Tables VII and VIII give
the numerical values of the curveés drawn through the individual

measuring points.

Table VII.
a b c a
Speed Measured Calculated resistance Differcnce from
regigtance Tor 375 mm submer— resisctance of
sion depth brass plane
(m/s) g g g

Lacquered brass plane, -1 m long, 3.5 mnm thiog, 200 mm subnmerged.
Tcomperature of water 18.5°C

75 140

1

3 =250 - 470
3 570 1070
4 1040 1950
5 1640 3070
6 23340 4380
7 3140 5880

(7.5)
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Tablc VII (Cont.)

a- T c ‘ a
Speed Measured Calculated resistance Differ=snce from
resigtance for 275 mm submer- resissarce of
; gsion depth brass plane
(m/s) g g &
Pair of end sections, 10 mm thick, 375 mm submerged.
Temperd+ure of Water 18 7 C : '
1 140%* 0
2 560 90
3 1250 180
4 2110 160
5 3170 1.00
6 4400 20
7 5870 -10
(7.5)
Pair of end sections, 15 mm thick, Z?EOmm subnecrged.
Temperature of water 18.7°C
1 140%* 0
2 569 90
3 1230 150
4 2090 | 140
5 3300 | 130
6 4530 150
7 €080 200
(7.5) : .
Pair of end sections, 20 mm thick, 075 mm submerged.
Temperature of water 18. 8%¢
1 160** ! 20
2 830 &0
3 1320 220
4 2190 240
5 3310 240
6 4700 320
7 6300 420
(7+5) o
* Greater ﬁhan previousgly found. .

** Found greater below, the same above, as compared with previous
weasarewents. End sections gnd planvs were both probably
somewhat scratched!
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VIiI, we find that the resistance

greater in the warmer water than

This inconsistent result

was probably due to the somewhat imperfect condition of the sur-

faces in the later experiments. The same is the case with the

two pairs of smallgr end seotions_(See Tables II and VI). Only

the pair of end sections 230 mm thick gave, in part, smaller re-

sulte than previously.

Even if the recsults of thesc summer experiments serve no

other purpose, they constitute a valuablec confirmation of the win-—

ter expcriments and arec repcated here ags such and ac a proof of the

need of abgolutely perfect surfaccs and of the difficulty of ob-

taining reliable data from such expcriments.

Table TIIT.

Registance of gimilar planes and of a wider plane in warmer water.
a b c % a & f
Specd | Measured Surface Difference |Differcnce Surface
resistance| resistance from n of vre-~ {resistance at
of planes |(in round | Table IV,e|vicusly 500 mm submersion
with nunbers) measured | calculated from
tapered surface 350 mm cubmersion
end regsistance
: sectiong
m/ s g g g % g
Plane 2.5 m long, 5 mm thick, 125 mm submerged.
Temperature of watcer 18.8°C
1 110 110 0 0
2 410 410 O 0
3 &80 870 0 0
4 1540 1830 -10 -0.6
5 2350 2330 +30 +1.3
6 - 5230 3120 +30 +0.6
7 4480 4430 +30 +0.42
(7.5) ( 5100) (5030) (~20) (-0.4)
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Table VIII

(Cont.)

=~-Resistance of similar vlanes and of a wider plane in warmer water.

b c d e f
Measured Surface |Difference |Difference Surface
resistance|resistance from " of pre-. |resistance at
of planes |{in round |[Table IV,e|viously 500 mm submersion

with numbers) measured |calculated from
tapered surface 2350 mn submersion
end resistance '
sectionsg '
g g 8 % g
Plane 5 m long, 10 mm thick, 350 me) submerged.
Temperature of water 18.8%¢

1 430 430 + 30 +7

2 1570 1550 + 10 +0.6

3 3300 3350 - 30 ~0.6

4 5630 5550 - 70 -1.3

5 8450 8350 -170 -2l

6 11920 11750 -140 ~1.3

7 16240 16040 + 40 +0.35
7.5){ (18700) (18470) (+120) (+0.65)

Plane 5 m lotg, 10 mm thick, '500 mm csubmerged.
Temperature of water 18.5°¢
1 800 790 - 20 ~2e5 853
2 2940 2910 - 10 -0.35 3070
3 - 6230 6160 ~130 -2e1 6440
4 10770 10640 -310 ~3.4 11000
5 16480 16350 -340 ~3.1 16550
6 23340 23940 -4.60. -1.9 33300
7 31360 30950 -550 -1.8 31300
. (25760) (35390) (-920) - (~2.5) (2€800)
Plane 7.5 m long, 1.5 mm thick, 375 mm submerged.
Temperaturetof water 18. 4°¢

1 890 880 + 50 +5.7

8 - - 3310 3170 - 30 -1 &

3 8790 8640 + 0 +0°

4 115680 11430 -120 -1

5 173250 17710 - 60 —-0e3

6 25430 25080 +100 +0.4

7 339580 33500 - 40 -0.12

. (28500) (37970) (-360) (-0.9)
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The expefiments with the wooden @;&nés having tapered brass
end sections came out better (See Tables VI and VIII). The,experi~
ments with planes in warmer water gave throughout the anticipated
smaller r681stanoes. ~fhe dlfference seems too small, but, when we
consider that the end sections alone in warmer water, as already
demonstrated, gave greater values than previously in the colder
water, then these results must be regarded as very satisfactory,
in view of the cxperlmcntal conditions.

In this connection it may be opportune to call attention to
the fact that the lacquer separates easier from the metal than
from the wood, so that, with repeated use, the end scctions devel-
oped relatively more roughness than the wooden plancs betwecen
them, egpecially ag they were used more. This affords a simple ex—
planation for the apparent inconsistencies and enablcs us to as-
sume a greater resistance difference for a uniform surface condi-
tion than that obtained for the temperature difféfence of about
8.5°¢C. ‘

As the deduction for the displacement resistance, the sawme
values as before were employed. The differences thus obtained in
absolute and percentage values are given in Table VIII, columns d
and e. The best values were apparently given by the 5 m plane
with 500 mm submersion.

If we again compare them with the new values of the narrower
plane (Table VIII, column f), we again find that the wider plane

shows a smaller specific resistance than the narrower plane and we
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can perceive in this fact a new proof of a special reéistanoe oen-
erated by the lower longitudinal edgzge.

"“The valueg for the low spceds must be employéd in all cases
with disorétion, since any experimental errors are expressed the

most strongly as percentagés.
8« Renewed Experiments with the 10-Meter Plane.

Previously fhe 10 m plane had to ve towed with apparatus de—
signed for smaller stresses. Strong springs had to be added, in
order to ieasure the great resistances and, rioreover, the support
was too weak for the strong oscillationg of the heavy plane. The
evaluation of the results afforded causce for fearing that the ex-
periments had, throughout, given too large values. Hence it was
planned to repeat the experiments with the 10 m plane, after fin-
ishing the strong apparatus designocd for towing planes up to 30 m
in length. Unfortunately, other demands on the Institute delayed

the execution of these plans until lMarch 1, 1918,

N

Table IX.
a b . C d
Speed Resistance of | Displacement resistance Surface
plane with of end sections in - regigtance
end sections combination with the (round mumbers)
' planes
m/s g g . g
Plane 10 m long, 500 mm submerged in water at 7.1°¢
1 1450 17 1430
3 5300 6% ‘ 5230
3 11700 150 © 11550
4 20600 - 267 20330
5 31200 417 30780
6 43300 600 43700
7 : 57850 17 57030
7.5) (66300) (964) (85330)
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Table X.
AMp values for similar surfaces and for a dissimilar brass planc.
a kel c ' a e
Length of Resistance at Area in . | Temperature
plane : speed of 1 ni/s* of water
o in
m g e AD degrees C
1.35 0,034 : 0.1533 0.214 10.3
2-5 0.109 . 00637 ’ 00171 . 9-9
5 8.405 2.548 0,159 97
7.5 0.865 5,735 00151 |- 1067
10 1.48 10.193 0.145 8.3
1 0.078 0.403 0.195 10.7
Brass plane _

* Read from Fig. 9 (in kg).

Table XI.

Dresden experiments 1ﬁ 1208.
Resistance of planes of various lengths, 8 mm thick, 768 mm perim—
eter, coated with dull ground lacguer.

a b c a e
Speed in m/s 1=1.6m|1=3.8m|1=4.6 mn|L=6.5m
1 0.2 0.45 0.56H 075
2 0.8 1.63 207 280
3 1.7 3.5 4,36 5.95
4 %.05 5.81 7.37 1012
(4.5) — - S (12.65)
5 4.6 1 9.23 | 11.37 -

Resistance at 1 m/s speed,
when it increases with the
1.875 power of the same
(calculated) .

0.220 0.445 0.550 0.750

Ap 0.179 0.163| 0.156 0.150

The experiments, in fact, gave lower values, notwithstanding
the lower temperature of the water (See Fig. 8 and Table IX¥). No

time remained to investigate the scattering of the results between
5.4 and 6 m/s. o
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9. TFurther Evaluation of the First Experimental Resultse

Fig. 9 gives the results of the cxperiments with the planes.
The abscissas and ordinates are both divided loga:ithmicall (the
purchasable logarithmic paper causes the,zero'point to be Located

on the right-hand side). The resistances for each whole and in

~part for each half meter of speed were first plotted on the left—.

hand side from the curves obtained in the resistance experiments.

As already mentioned, the diagram was only.produced gradually,

- the results of Froude's experiments in 1873 and of the Dresden ex—

periments being also incorporated.

Froudels results were taken directly from the curves given
by-him for the coating with Hays Composition and recalculated for
meters and kilograms (Table XII). This coating gave, throughout,
the smallest values and must thereforc te regarded as the smoothest
smoother even than the lacgquer, also used, which gave a slightly
smaller resistance for only the shortest plane. Table XI gives
the values of the Dresden experiments for ground lacquer.

In comparing the resistances in the logarithmic diagram, we
jmmedistely note that all the resistance lines are straight and
have exactly the same slope. The only exception is the narrowest
5 m plane in its central section, but at higher speede, it also
follows exactly the same law as the others. In view of what has

already been said concerning the combination of turbulent and lam—

" inar friction, it cannot be considered strange that, for lower

epeeds and shorter planes, the resistance should lie below the
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corresponding straight line. It can, however, be confidently as-
serted'that all resistances, due to a turbulent condition, conform.
$0 the same law of potential speed, regardless of whether the
planes are long or short, wide or narrow. This law is followed not
only by the 5 m plané in all its degfees of submersion, but also by
Froude!s planes and the Dresden planes with as great a degree of
accuracy as can be expéoted in this soit of experiments. We can
not judge as to how carefully Froude's experiments were executed,
but the Dresden experiments were performed without haste and with
the greatest care by the writer himself. It is self-evident that
the plane 680 cm long will not conform, if it is remenbered that
approximately v1 = 5 n”/sec. 1is the lower limit of the purely
turbulent condition.

It is now clear as to how 1t happened that both Froude and
the writer earlier found decreasing powers of the speed and adopted
them as the basis of their resistance formulas. It was simply be-
cause the more or less laminar condition was considered. But the
recent investigation, which considerably raised the attainable
speed limit, establiches with the greatest certainty yet attained
(excepting for low speeds and short planes with v i < 5 w?/sec.),

the law that the resistance values of turbulent friction, for

square—edged planes with smooth surfaces, increage, for every

ratio of the length to the width with unappreciable thicknesé, &%~

actly as the 1.875 power of the speed.




- tion.

ot

T A.C.A. Technical Mcmorandum Ho. 308 38

The following symbols will now be introdﬁced:

= length of plane7in~meters;

= gubmerged width bf plane in meters;

subnmerged vertioai perimeter'of plane in meters;

= thickness of plane in meters;

= o [o B
it

= measured resistance of planes and tapered ends in kilo-

grams;
wy = displacement or form resistance in kg;

w = surface resistance in kg;
Wy = resistance of longitudinal edge in kg;
Wy = W, when thickness = 2zero;

Weo= Specific surface resistance at any point in ke/m?;
r
v = speed in m/sec.;

coefficient of turbulent friction for pure surface re-
asisgtance;

>
It

Ap T coefficient of friction for infinitely thin planes of
given shape;

-

v = density of liquid in kg/m3;

¥ . . kg secs .
P = — = density in —E%%—“- >
g m
p = technical v12098}€y coefficient _ % - kin@%ib friction
ensity in 7/ sec.

The discovered .law is therefore:

Wy = vV E7E

in which c¢ is a constant peculiar to the plane under considera-
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Table XII.

" Froude!s Experiments, 1873.

.

[
0

Resistance of planes of various lengths, 4.762 mm thick, 964.78 mm
submerged perimeter, coated with "Hays Composition'
least resistance).

(which gave the

i

a b c a
Speed Resistance |Plsne I, length 1.534 m
m/s Feet per mirute of air{l1b.) 1b. xg
1 196.854 - 0.05 0.61 0377
3 393.708 C.13 2.51 1.139
3 520.583 | 0.18 6.0 2.73
(3.5) 688.979 | 0.21 8.07 2.66
4 . 797.416 i 0.34 10.36 4.7
Resistance at a sveed of 1 m/s
when it increases with the 0.345
1.875 power of the same.
0.235
e f g
Plane 11, Plane IITI, ?lane IV,
length 4.877 m | length 3.534 m | length 15.24 n
1b. b ib. kg ib. kg
1.75 0.794 3.35 1.475 5.1 2.31
6.58 2.985 11.40 5.17 17.98 £.16
14.17 .43 233.97 10.87 33.37 17.40
13.0 . 8.623 31.7 14.33 50.7 33.00
24.21 10.98 40.09 18.18
Resistance at a -
speed of 1 m/s when
it increases with the 0.81 1.34 2.16
1.875 power of the
- '.Sa}p@' et e o n L .
0.173 0.183 0.147
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Table XITI.

~ W. Froude's Speed Experiments.

‘a b c
Length of plane (m) - Lacquer Paraffin
0,61 2.0 1.95
2,44 | 1.85 1.94
"6.10 1.85 1.83
- 15.24 - 3.83

While William Froude considered the exponents diminishing

with the length as correct (Table XIII), his son, R. E. Froude -

(Transactions of the Inst. of N.A., 1888, R.E., Froude "On the

Constant System" etc.), on the basis of his father's and his own

.experiments, believed in the adoption of the exponent 1.835 for

all lengths. The Dresden experiments had, however, already

shown this exponent to be too small. At that time the resistance
curves, calculated with these exponents, were introduced into the
diagram and it can be seen that the measured resistances in the
lower portion of the curves are smaller, but, in the upper por-
tion, gracdually grow larger, than the computed curve would indi-
cate. The reason R.E. Froude Qalculated his exponents too small,
lies probably in the low speeds, which led to a grcater allow-
ance for the laminar friction.

This greater exponent now appears to be confirmed, even oy

" the results of earlier oxperimecnts.

For motion phenomena in liguids, in which the viscosity plays

the deciding role, Osborne Reynolds adopted an especially favor-
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able form of the law of similitude. (Revnolds, "Phil. Transac-

y

London, Vol. 174, 1835, pp. 335 an
373.)

Tnls law has been derived by Blasius ("¥itteilungean uber For-
schungzsarbeiten auf dem Gebiete des Ingenieurwesens' No. 131,
1913, p. 5) and more recently By Weber (Jahrbuch der Schiffbau~
technischen Gecellschaft, 1919). The latter presented the cntire
subject in such a clear ard comprenensive manner in his lecture
"Die Grundlagen der AehnlicanlXeitsmechanik und ihre Verwertung
bei MNodellversuchen unter besonderor Be*ucksﬂohtl*uhﬂ 3chiffoau~
technischer Anforderungen' before the "3chifftautechnische Gesell-
schaft" in March, 19139, that it is here tetter simply to refer to
it, than to make an abstract ¢f it. Toe essential points for
the vresent research can be wmore readily gatnered from Weber's
article

An important form of Revnolds law of similitude reads:

"Tf two motion phenomena take place in a mechsnically similar
manner in noncompressible fluids under the sole action of vig-
osity; then the corresvonding expressions LE%§L1 and %L
give the same Reynolds number V.  As a nondimenéional coeffi-
ciemt, ¥ is indecpendent of tue mass units employed, so that its
calculaticn {always on the assumption of rechanically similazr
ohenomena) gives the same value in the ¢ifferent svestems.

£ 33

Under taece conditions, every two corresponding £2rc

4o
[0))]
o)
K
o
Q)
}_J

|

rectly n=z ovortwoﬂa’ to the squares of the viscosity coe*ilclents
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and inversely proportional to the density of the two fluids.
the fluids are alike in these resvects, the forcss exerted on
the full-gized object and on the model are of equali magnitude.

"If k¥ and K represent the given forces, then

o -
,l‘; _~2(,9_)_ O _ p 17 N
K~ GFe (P ) 5P Y
0)

or, on introducing the characteristic ¢,

k=tpv?, X=2¢(p) (vf (2)
Eoo= k K i 7=
pve  (0) (vFf o
Hence
vl
t= 1 (w) = £ (L) (a)
When plotted in & rectancular srystem of coordinates, it zives

the curve of the characteristic €.

"Each model exparimeat yviclds a definite Revnolds number

VL . ! P \ s s k
V= v as abscissa and a definite characterisgtic ¢ = E_;E

(likowise a pure nmumber) as ordinate, a opair of values which are

unchangeable for all mechanically similar phenomena and hence also

for the prircival vhenomenon.

"We can also exnress the model force in the form of the

-

~eral law of similitude (& =a P F v®) and thus obtain o as a

function of ¥ ."
From this presgentation of Reynolds law of similitude, it

follows that, for the case when the resistance of a surface fol-
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lows a potential law of the spsed, the same votential law applies

for the ratio /v, vhen ¢ = fv . The vowers, however, must be

the same as for v, so that the resultant expression will also.
be nOndimensional.

If wo should -then succeed in determining what potential law
of the length the resistances of similar surfaces follow for dif-
ferent lengfhs but the same spced, we would then come very near
the potential law for v.

Hence, in Fig. 9, the resistances found for similar vlanes
are plotted on the right side against the lengths as abscissas
for various speeds and lines are drawn’ through the points of
equal speed. Thus we find that theé same potential law, as for
the speeds, also applies to the lengths, since a&ll lines are par-
allel to thosc previously obtained, where wg was plottcd as a
function of the spced. Only the resistances of the smallest
he sec-—
ond law would accordingly read: "Thc resistances of similar
smooth surfaccs increase, for the same speed, as the 1.875 power
of the lengths of the surfaces.!

Hence it seems to be demonstrated that, at least for all
other planes, the Rcevnolds law applics partially in its one cdse,
cince it was found that ¢ = a (vi)? ®7S, (5)

The imporfanf.fdct ﬁhat”the fesistance of similar planesg,

1. 875
[

having thc same speed, varies with , which we can confi-

dently assume to have been demonstrated by the experiments, leads
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to a series of further general conclusions regarding the regist~
ance of planes.

The old Froude formula would now rcad

Wy = Kp Fyv?' 8758 (&)

in which A * 1is independcnt of the longth, so that

o= £ (1) | (7)

If hp (designated by Ap(1) for 1 m length of plane and 1 m/ s
speed) were known, we could calculate the resistance wy for all
lengths and speeds for similar planes like those used in the ex—
periments. In all cases, a pure turbulent condition must natur-

ally be adopted as the basis. We would then have

Wy = }\p(l)lv 875 X V1 875 X F (8)

On the assumption that the surface resistance is provortional %o
the width, it is possible for us to calculate from Kp(l) the
resistance Ap per unit area of variously shaped planes. If
w, Tepresents the resistance of a surface of 1 =1 for v ="1

and f the submerged surface, we then have

W, W .
iy = (92,
Mo(1) T F T4 (92)

and
T 275

. w1 _cf
Ap = EL—-{Z_-—-—z Ap(1) U ?25 | - {9)

Fig. 9 shows that, in fact, the calculated X\, values for

&

* Ay = cocfficient for vanishingly thin planes of the given form.
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various plane lengths vonform to this law. As the resistance

“'for the speed of 1 m/s, there was occasionally adopted the inter-—

section point of the line, plotted arainst the spesd as the ab-

scissa, with the 1 m ordinate. This resistance was divided oy

‘the mass of the given submerged surface in m® (Table X). The

values previously found in Dresden, when computed with 1.875 as
the power of the speed, conform well with the law for the varia-
tion of pr We only need to assume that the temperature of the
water in Dresden was somewhat higher than in the recent experi-
ments (Table XI), but it ig hardly possible to reconcile there—
with the considerable upward deviation of Froude's values (Table
XII). Here the planes migt have becen rougher or there must have
been some other disturbing factor.

It is algso obvious that the resistance of the 1.25 m plang
will not conform to the xp curve, becausc it does not cven con-
form to the power curves of 1. The one-mctor lonm brass plaune,
however, gave a satisfactory result. ’

The numerical value of M may be easily found from the cor-

r

responding lines of Fig. 9, giving
Ap = 0.195 (about) (190)

Frouae's commllcatcd ﬂumerlcal table of re51suanoeb with re-—

lation to the length are no longer tenable. he T*ems’cance of a

smooth surface of any sigze, for any speed, may now be found ac-

cording to Froude's formula, with omission of the specific zravi-

ty of the watér, as follows
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W = Ap 1700?25 F yitE75 = 0,195 170t 128 Fy)r 7S (11

The effect of the temoeraturc of the wator is omitted in
Froude's forrmla. According to our experiments, the new values
would be correct only for about 10%.

From thc cquation just found for surface roéistanoo,'we can
also determinc the specific resistance at any point and at any
distance from the leading edgc. If we call this distance L
and calculatc the resistancé curve for different lengths for a
width of onc meter and for one and the same speed, then the tan-
gent at ary point of this rosistance curve gives the specific
surface regsistance at the corresponding distance from the lcading
edge. (See GUmbel, "Das Problem des Oberflachenwiderstandes,"
p. 474 in the "Jahrbuch der Schiffbautechnischén Gesellschaft,”

Vol. 14, 1213.)

. 4 wp & L
Yo(epecific) ~ a1

Now, 1f we call v = 1, we have

fW—odL-—-}\--o L"O- 125)(1 LZI\‘O 1;0.875.

and hence Wy(gpecific) = hp 0-875 L° 7%  for v = 1'm (13)

or, for any given speed v,

Wi ( gpecific)™ Mp v B7540.875 1.0 125

Yo(specific) ~ 0.195 x 0.875 v1r #7858 1P 129 (1l4a)

_ N 1. 875 0128




"W.A.C.A. Technical ¥emorandum No. 308

47

Fig: 10 gives two examples each for spceds of 5 m/s and

Y- 11 . . ..
.8 m/s. _It also contains Gumbel's graphic vresentetion, which must

lead to the same result, though by a more uncerisin route.

. : . "o ' '
It may be here remarked that Gumbel!s statement, that we can

assume the gpecific resistance to be practically constant at the

corresponding distance from the leading edge, cannot be accepted

as sufficiently reliable, in view of the new experiments. Table

XIV is accordingly introduced here, because it continues, for

still greater lengths than Fig. 10, the calculated rcsults for

the specific resistancc at

v 5 m/s

and 8 =/s.

From this ta-

ble 1t is evident that the drops bectween 10 and 20, between 230

and 100 and between 100 and 1000 arc still gquitc largc.

Table XIV.

a ko) c a e
Regsistance of surface strips, | Specific surface resistance
for 1 m surface width and at a given distance fronm

Length| various lengths, in kg. the leaBing edge, in kg/m®
in

m Speed, 5 m/s |Spced, 8 m/s | Speed, 5 m/s | Speed, 8 mw/s

0.1 0.526 1.37 4.9 11.1
0.3 0.985 2.33 4.35 10.35
0.5 2147 5.18 3.77 2.30

1 3.95 9.51 3.45 8.33

2 733 17.45 3.18 7.69

3 10.30 284.85 3.04 7.33

4 13.37 32.8 2.94 7.10

5] 18.1 58.9 2.865 6.93
10 29.6 71.3 2.58 6.34
230 54.2 13940 S Be4B . 6.00
100 232" 535 1.94 4.869
1000 16€1 4005 1.46 | 3.51

This table also contains

=]

2

!
numerical summary of the resist-
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ances of a one~meter~wide strip of various lengths, whieh gives
some idea of the tremendous resistance, due to surface friction
alone, which must be overcome by a large swiff1j~moving snip.

From equation (13) for the resistance of surfaces of one me-
ter width and various lengths at a speed of 1 m/s, the increase
in resistance, due to the lengthening of a surface, can casily
be dctermined. If the resistance of the foremost meter in length
is called 100%, we can obtain an interosting vicw of the decrease
in surface resistance with insrcasing length, by calculating,
according to the following cguation, the corresvonding vercent-
ages for the last meter in lengtlh.

w' in % of N =[1°°75 - (1L - 1)° ®7%] 100 (15)

We obtain, e.g., for

L o= 1m, 100%
L = 5 0 73%
L= 100" 667
L = 100" 497,
L = 1000 " 577

A gurface length of 0.1 m gave 133% and a sgrface length of 0.01 m
gave 178%, after pure turbulent friction had been attained.
These numbers would hold good for any speed.

The cvaluation of the experiments had been carried thus far,
before the introduction of the rcsistance of the longitudinal
cdge. Since the evaluation has not only o chronolozical but also

.

a comparative velue, it has been here given unchanged.
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10. Reegistance of Loangitudinal Eages.

in 3sction 4 of the proseant article

£
[

The experiments describc
showed that the assumption of a resistance on the lower longitud-
inal edze of the towed plane was weil founded. This adds to the
aifficulty of determining the pure surface resistance througn the
elimination of the displaccmcnt rcsistance only one rore factor
and, 1in any cvent, a nuacrical dotormination smst be sought.

If we take from Fig. © the resigftance of the 5-metsr-long
vlanes of various subtmersion depths a2t a scveed of 1 m/s, hence

under tac assummption of the anplicavility of the discovered vo-
teatial law >f speed, and first calculate, after de dvéting the
dignlacenent registance, the resistonce of tho planes for 1 cm
submerzad vertical nerimetor, we thcen obtain an idea of the ef-
fect of e resistance »7 the longitudinal edre. This ig carried
out in Table IIV and we rccogniac novw in fact the sovecific resist-
ance of the wnolc surfacc, corresponcing to tﬁo assumed resist-
ance of the longitudinal edgze, would continually become smaller,
the deeper the plane is submerged. Colurm e of Table XV gives
the corrected resistance in Fig. 9 at 1 m/s for the various sub-
mersion depths.' In ordier to cnavle us to determine thereffom

the magnitudie of the loagitudirnal-cfge resistance and of the pure

surlace resisvance, we still need the follo 1qg a;svmotlon.

The experiments devwonstrate the fact that, in any event,
the loazitudinal-eldge rssistance serves, tozether with the re-

istance cf the vlares, as the taslis of ths sawe notential law
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for the sneced. OCtherwisc a different potential speed law would

~apply for the different widths of the planes. Hence,

Wy = a vyt 875 ’ ) (16)
The decpendence of the longitudinal-edge resistance on the width
and length of thc’plane'is douptful. Since the longitudinal-edge
resistance is due to the same cause asg the surface resistance, it
may follow the same law in'other respects and it apoears simplest
to regard it as the resistance of an enlarged surface, for the
purpoée of determining its numerical wasgnitude. Uncertain is the
further tcmporarily nccessary assumption that the longitudinal-

edoce resistance is the samc for various submerged widths.
= &

Table XV.

Resistance of a plane 5 m lonz and 1 cm thick, of various sub-
mergod perimeters, deducting from resistance, Tor vpure turbulent
condition, as read from the curves of the logarithm resistance

diagram.

a b i c ; a e
Depth Resistance E Vertical iResistance Corrected
submerged at | submerged ! poer.cn of resistance

1 m/s | perimeter . perimeter | atl xn/ s

cm kg 3 cm , kg g

3.5 0.055 | 6 | 0.00017 0.0558

5.0 0.037 g 11 | 0.00882 0.083

10.0 0.180 i 51 i 0.00857 De178
15.0 0.2360 ; 31 l 0.00839 0.357
25.0 0.408 ; 51 ! 0.00800 0.408
50.0 i 101 a 0.00793 . 0.800

0.800

If w, 1s the rcsistance of thz 5 m plane et a speed of 1

/s for the submersion width a; W the resisitance for a narrow-

o4

er submersion width b; Uy, the portion of thc vertical perimeter
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wet in the first'submersion case; Uup, the submerged vortion of
_the perimeter in the secona case, 1, the length of the plaqe
"and x the increase in the width of the »nlane corresnondlng to
the longitudinal-edge resistancé with respectvto the resistance

calcula%ion; we then have

wy, = Al (ug + x) -
my, = Al (uy + x)
\ = 1w ~ Wy (17)
1 ug - up
W W .
x = X% - ug = X% - up (18)

Thus we obtain, as mean values,

(19)

o
o
8

A= 0.1565 fcr 1

5
It

0.0135 m - (20)

i.e., the lowcr edge of the plane offers the same registance as a
strip 1.35 cm wide of a surface of infinite width but of the same
length.

From the magnitude of x, we can perhaps also draw the con-
. clusion that, for every degree of an edge angle, a perimecter in-
creage of 0.000075 m must be introduced for the determination of
the surface resistance. A wire of vanishingly small diameter,
moved longitudinally through Wator, Woula accord1ng1y moet the
same resistance as a longitudinal strip 2.7 com w1de on an infi-
nitely wide and very thin planc moving in a straight line with

uniform spced in its own plane. (The longitudinal-edge resistance,
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in determining the resistance of keels, ecspecially of stabilizing
keelg, would have to be found by experiments with models.)

It must be acknowledged that the mathematical determination
of the undoubtedly existing longitudinal-edge resistance yet
stands on a very uncertain basis, but the experiments offer noQ
other solution. Unfortunately the resistance experiments with
the brass plane failed, because the wide plane, probably due to
the vibrations (which even resulted several times in the collapse

of the whole plane), offered too great resistance.
11. Pure Surfacc Resistance.

Aftcr learning thgt, as a mattcer of fact, along with the dis-
placecment resistance, a longitudinal-edge resistance further in-
creases the difficulty of determining the forrulas and coeffici-
ents for the pure surface resistanée, we will now briefly consid-
er the improvements undertaken in the second direction. Although
the evaluation of the experiments has already been undertaken
without such congideration, this was done, as already stated,
firstly, because this article is intended to give, to a certain
extent, the chronological development of the whole matter and,
secondly, to connect up with the carlier experiments.

Through the assumption of a longitudinal-edge resistance,
even the greatly differing W. Froude values for A are brought
somewhat necarer the ones now found (Fig. 9), since it is known

that W. Froude would have had to take the longitudinal-cdge re-

@
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sistance twice into account, because hig planes ﬁere towed en-
tirely submerged. If we further donsider that Froude disregarded
both ﬁhe resistance of the submerged supports (Whiéh were, how-
ever, well sharpened) of the planes both fore and aft, we can
effect a further glight improvemecnt in his results, but, since
the longitudinal-edge resistance is only 2.8% of the total re-
sistance and the other omissions affoot the results still less,
the total divergence of about 13% must be chiefly explained by
other causes. The too great thinness of his planes can probably
be regarded as the cause of the great distortions, since such
distortions werc observed in the Dresden experiments, with twice
the thickness. At the same time, Froude, whose whole apparatus
wag not =0 stable as the modern, doubtless had to contend with
much stronger vibrations and perhaps also with speed variations,
especially as the towing was done by mecans of a rope actuated oy
a steam enginc.

‘For our expecrimental results, the assumption of a longitudi-
nal-cdge rcsistance congiderably improves the values of the small-
est similar planc of 1.25 m length, since this plane wag the nar-
TOWET .

w

The calculation of ¢ = P has not yet been discussed,

since the potential value of ,%}> was not 1.875 at first, but

'éaﬁewhat'greatéf; This was chicfly duc to the fact that the re-
sistances, first obtained for the larger pléne, were too large.

The values of ¢ are given in Table XVI and plotted in Fig. 1l.

+*
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All the ¢ values fall almost exactly on a curve, thereby
demonstrating the apolicability of the law of similitude to both
cases under consideration. The temperature differences were un-

fortunately too small to give reliable numerical values of their

effect.
Table XVI.
Speed vl , L .
il'l ._.‘2:‘_ .- S ._p._l)..w — 5
10' 1010 1010 . 10'10
(Pure surface (surface resistance
m/s 2 resistance) .+ edge resistance)
Plane 1.35 m Joang; temperature of watcer 10.2°¢
v= 1.30 x 10°°
1 0.0863 0.0079 0.0C871
2 0.1924 0.063 ’ 0.0897
3 0.3885 0.147 ! 0.1625
4 03849 0.253 0.379
5 0.4320 0.383 0.430
5] i CeB770 A 0.538 0.525
7 i 0.3735 T.71E 0.793
8 07700 | 0.92C ! 1.018
!

Plane 2.5 m long; temperature of water 9.9%¢
| v= 1.311 x 10~

, :
; |

1 0.19075 | 0.0587 | 0.08375
2 0.3815 I 0.22% i 0.234

3 0.5731 | 04473 b 0.498

4 0.763 ‘ 0.83 ‘ 0.872

5 0.954 ! 1.24 g 1.307
& 1e145 ! 1.73 i 1.810

7 1.335 ; 2.37 ! 2.480

8 1.337 ; 5,19 | 3.35
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Table XVI (Cont.)

9 § O | c a
Speed | vl i ' W
' { v i ¢ o v 4
in g 107 100 10°° j 10%°
] i {Pure surface (surface resistance
n/s | ! resistance) . + edge resistance)
Plane 5 m long; temperature of water 9.700
| D= 1.33 x 10°°
1 0.3875 : 0.219 0.2253
2 0.7750 | 0.845 0.867 -
3 1.1830 | 1.795 1.843
4 1.550 i 3.09 3.170
5 1.9375 f 4.68 4.80
6 2.335 ; 6.53 6.70
7 2.712 i 5.79 2.02
8 3.10 | 11.50 11.8
Plane 7.5 m 1on5, temberature of watur 10. 7 C
v=1.29 x 10~
1 0.5815 i 0.480 0.498
2 1.1635 i l.861 1.89
3 1.74'4: t Q--le . 4‘vO
4 2.325 ! 6.75 &.87
5 2.907 f 10.30 10.48
6 3-4—89 | 14—0 4‘5 14‘0 70
8 4.650 ! 83.20 I 35.6
: =
Plane 10 m long; temperature of water 7. 1%¢
V= 1.4185 x 10°° .
o , .
1 0.707 L 0.€95 0.702
3 2.121 ? 5.60 5.67
4 2.848 ; 9.85 2.98
6 4.242 | 20.7 , 20.99
o0 4.949 0 L) . 27.6. . L. . 28.0
(7:5) 5.303 i 33.2 32.6

As shown by Fig. 9, where the ¢ values for the tested sim-

ilar planes are plotted in logarithmic distribution against the
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values, the ¢ line has exactly the same ascending slope as the

resistance lines with respect to the speed and length distribu-
Sl e e S v\t f7E

tion. Hence the votential value (7;/ applics also for ¢
YN _ 107,

and indced for the tested form of plane, since, for D/

we can read {p = 1.40 X 10’° and, for %} = 1, we can read

1.4 °x 10'° _ 1.4 x 10'°
Y875

‘o = N 5 (1% 107)
\ .

—

v/

\T' e7s

tp = 0.00105 C%}/ (21)

This equation for the pure surfacec resistance would hold
good for all planes whose length is 30 timecg their width and
whose thickness is 1/25 of their width, i.e., if 1 = 230 b and
d = b/50, or if u = 1/9.804.

Hence, if u =1 (i.e., if the submerged area = f),

{ = 9.804 ép

_ u\]" 875 . .
t = 0.01030 (&L (22)

The pure surface resistance then becomes

v.’l\l* 975<Y o .
W = 0.01030 (Yo e (233)
wp = 0.01030 (vi)'"©7% Lveri2s (23a)

If we should wigh to introduce the surface F itself, we
S T . o , _
would have to divide the last equation by 1 and we would obtain

the general eguation for pure surface resistance

w = 0.01030 ¥ -L'_—-C‘v“_lES ¥ v'." e7s ¥ T

og |
)
<
o
o
1)}
™
fisy
-
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This equation would hold good for all kindg of fluids and all
.. temperatures, when smbothrsurfaces are moved. The development of
this‘formula is véry similar to the already imoroved Froude formu-
la, except that it includes the effect of the specific gravity,

of the accelcration due to gravity and of the temperature. It af—'
fords the possibility of detcrminihg the pure . surface resistance
through the elimination_of the'displacement and longitudinal-cdge

resistance. It yields somewhat greater values than the similarly

derived Blasiug formula which rcads

O+« 138 ']. 864 Qe« 136
v LA )

(w = 0.0123 T >

This is duc to the fact that Blasius used the writer's Dres-
den measurements, which, as already stated, gave somewhat smaller
values. Moreover, only much smaller values could be considered
and the temperature measurements were lacking.

The general equation found for the pure surface resistance
enables the determination of the change in the same with rising

temperature of the fluid. The resistance would vary in the ratio

I c. 125
trgj and it is thus found that a resistance changec of about

~

0.36% would take place between 5 and 10°C and of about 0.31% be-
tween 10 and 20°C for every degree's change in the tcemperature of
the water (according to Landolt-BOrnstein-Roth's "Physikalische

“Chemische Tabellen,"-1913. - Compare Fig. 12*%¥). -

* Fig. 13 contains curves which were calculated from the 71 and ¥V
values given in "Landolt-Bornstein-Roth phys. chem. Tabellen 1813."
The 7 values are there given in the C.G.S- system, the forces,
therefore, in dynes. Hosking's 1909 values (instead of Thorpe and
Rodger's values, which were formerly much used) were employved in
the calculation of v for fresh water, because Hosking's values are
the latest and agree well with Slotte's (1883). Krumwel and Rup-
' (Cont. bottom next pagz)
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Previous resistance and specific resistance formulas would
~“have to"be changed in their coefficients, in order to allow for

the edge resistance. We now find

‘A = 0.193 for 10°C (25)

and therefrom the purce surfacce rcosistance for watcr at 1000 (Sce
equation (11) ).
W, = 0.193 x 1035 p x vy 87% (26)

The specific resistance at the distance I from the leading

edge would then be (See equation (1l4a) )

WSp = 0.193 X 0.875 v" g75 X L—O' 175 (27)
= 2580 v o

If we wish to find the specific resistance for any fluid and
temperature, it is only nccessary to vary the composition of the
formula according to cquation (24) and we obtain the gencrally

applicable equation

Wgp = 0.01030 % por 188

= 0.0090135 ¥ 10- 125 y 1 €75 (30)
10- 125 @ .

1. 875 ~Os 125

X 0.875 v L (29)

*(Cont. from p. 57)
.. pin!s.valucs ?1905)“ché‘employcd for sea water. The 7w values
vary greatly with the different sources. Consequently, the v
values for air, in Fig. 12, can be regarded as utilizable only to
one decimal placec of the number x 10°% for n¥sec., or to two decimal
places in the values for cm®/scc. The intermediate values of v
(between fresh watcr and sca water of Y =1036=3.5% salt content) for
sea water of other specific gravities are proportional to the in—
crease in content of salt or in specific gravity.
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12. Comparison with the Values Obtained

frqm 31 E. Froudet!s Formula.

In the towing laboratories for ship models, the computations

‘arc madceé almost cxclusively with R. E. Froude's coefficients worked

out, on the basis of his own and his father's experiments, accord-

ing to his formula for the surface resistance
w=7YMANF v’ €25

R. E. Froude gives his coefficient, which he designates with Oy
for the model and Og for the ship, in another form and in the
English system of measuring units (Transactions of the Institution
of Naval Architects, 1888: "On the constant system of notation of
results" etc.). If, from this, we compute Ay, and A; in the met-
ric system and plot the individual results logarithmically against
the lengths ! (Fig. 13), we see that the Froude values for A\
represent two different funo%ions of l. From 1-10 m, the equa-

tion for ! would read

A= A, 170780 = 0,313 170" R0 (31)

and above 30 m

A= A, 17°°°27 = 0.161 179" 27 (32)

Neither formula agrees with the law of similitude, since the ex-—

%}):would,nqt be nondimensiqpal,vw‘

From the fact that R. E. Froude based his coefficients for a

ship on another function of 1, at least above 30 m, he evidently

wished to make allowance for the assumed rough condition of the
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surfaoe- The noteworthy . point in thig connection is that then,
for short lengths, the coefficient would be smaller for a ship
than for a model. In order to avoid this, Froude scems simply to
have converted the A curve for the ship into the curve for the
model. |

Perhaps this is the best place to say something further con-
cerning Froude's values.

In all countries of the world, they are regarded as the basis
for computing the friction HP. in model experiments. (Only in
America, computations are made for chivps over 33 meters long with
Thidemann's values.) Since Germans graduélly abandoned Froude'!s
theory of constants and finally reverted to the old simple for-
mula for frictional resistance Yy A F vl 825  Froude's values,

which were given only in the complicated form
1000 A 1,=°* °87°
4-!_-[\0' 2125
g s
also went through the corresponding retrogression.

Op and Og = and the English system of measures,

They were converted by Schutte into the meter-kilogram-second
system (Zeitschrift flir Schiffbau,_Vol. II, 1800-1901, p. 208).
Bruckhoff then published a simplification of the computation for-
mila for thc friction HP. with these values (Zeitschrift "Schiff-.

bau," Vol. VI, 1904~1905, p. 67). 4t the same time, the writer

- had gone still further and had entirely abandoned Froude's theory

of constants and evolved a formula for the friction HP. in a new
direct manner and also calculated, from the Froude Oy and Og
values, the A values for the meter-kilogram-second system (See

Table A).
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Table A.

6l

Frlctlon values A\ in kg per n? surface, dependent oOn tne

i
t

-length -1 according to R. E. Froude.
l A | 1 A i 1 y
] 1. For paraffin models of ships.

0.50 02380 3.75 0.1879 5.00 0.17237
0.75 0.3198 3.00 0.1857 5.35 0.1716
1.00 0.2133 3.35 0.1836 5.50 0.1706
1.25 0.2079 3.50 0.1817 5.75 0.1696
1.50 0.2034 3.75 0.1799 6.00 0.1687
1.75 0.1994 4,00 0.1782 6.25 0.1879
2.00 0.1960 4.25 0.176%7 6,50 0.1672
2.35 0.1930 4,50 0.1752 6.75 0.1864
2.50 0.1903 4.75 0.1739 7 .00 0.1658

! 7.35 0.1651
! 7 .50 0.1645
2. For ships with well painted surfaces.
10 0.1590 55 0.1442 100 0.1422
15 0.153%7 60 0.1439 110 0.,1418
20 0.1508 65 0.14386 120 0.1415
25 0.1488 70 0.1434 130 0.1413
30 0.1474 75 0.1433 140 0.1408
35 0.1464 80 0.1430 150 0.1405
40 0.1457 85 0.1428 160 0.1402
45 0.1450 20 0.1436 170 0.1399
50 0.1446 95 D.1434 180 0.1396
From here down the values were obtained
by extending the adjusted curve.

1190 0.1394 230 0.1383 | 270 0.1374
200 0.1391 240 0.1380 | 280 0.1372
310 0.1388 250 0.1378 t 290 0.1369
230 0.1386 260 0.1376 | 300 0.136%7

i
!

The above values were published by Schaffran along with the

simplified formla of the writer ("Schifipau?;company: Schaffran,

- t
"Die Versuchsmethoden der Koniglichen Versuchsanstalt fﬁr Wasser-

bau und- Schiffbau.m

See also "Zeltschrift Schiffbau," Vol. XVI,
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1914-1915, ppd 233 and 382.

'"‘Aftcr*the»valueé‘had~thuswfound their way to publicity with-
out the aid of thc writer, it is perhaps opportuhe at this point .
to éxplain that fhesc valucg were taken frcem R. E. Froude only up
to lengths of about 183 m (600 fcet). Only thus far could the
values be converted, since Fioude did not give values for greator
lengths. With the considerable increase in the length of ships,
we nccded to know the value of the resistance for greater lengths.
Fioude‘s values could not be employed in an equation. At that
time the writer did not know that they followed two equations and
haste was necessary. The curve of the A valucs, plotted against
the lengths as abscissas, was simply extended according to judg-
ment. Thus the values for lengths abovec 180 m, given by Schaffran
and here repeated, were obtained by extrapolation. The deviation

is not grcat, however, as is shown by the following Table B.

Table B
Length in mm A according to the curve A according to eguation
30 0.1474 0.1484
50 0.1446 0.14486
100 0.1422 0.1432
150 '0.1405 0.1403
180 0.1396 0.15994
200 0.13921 0.13954
350 0.1378 0.1387
.. .900 ‘ - 0.1387 0.13704

The comparison of a few computation results, aCCbrding to the
formala of the younger Froude and according to the new formula,

may now pe of interest. Table XVII gives a brief comparison for
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various spceds and lengths and showg that Froude!'s valucs for

-short._lengths, up to 10 m, arc approximately ecqual, but deviate

rapidly upward for greater lengths. For a 1eng%h of 300 m the

deviations of 20% are so great as to render doubtful the utility

of either formulsa.

Table XVII.

Calculated resistance (in kg) of a surface strip of 1 m width and
different lengths aft differcnt sveeds.

a Resistance in kg at spceds of
Length| b & d e ' f i g h
m A 1 -i/a 2 w/s 5m/s i 10 m/sl 15 m/s| 30 m/s -
According to R. E. Froudec, without mention of water temperature.
1 0.2132] 0.3132 0.758 | 4.025 1  14.28 | 29.83 49.35
10 Dal 59 1.59 5.€5 30 I 1 06.23 233 375
100 0.1423]14.232 50.5 . | 268 | 951 1992 3360
300 0.1367141.01 145.6 775 | 8740 5750 9680
According to the new formula at a water temperature of 10°C.
|
1 0.193 0.193 0.735 3.95 | 14.47 30.9 53.1
10 0.1448; 1.448 5.435 29.6 | 108.5 333 398
100 0.1085|10.85 40.7 233.3 l 814 1740 2985
300 0.094728.4 106.5 580 1 3130 4550 7300
! 1
From Dresden experiments by Blasius without mention of water tcmp.
1 10.300 0.300 0.730 4.02 g 14.6 31.1 534
10 0.14683| 1.462 5.30 29«4 107 336 390
100 0.1089;10.69 39.0 207.23 781 1660 23850
300 0.02233127.69 101.0 556 2013 4300 7390
The advantages of the new valucs arc as follows:
1. The congiderably greater speed range of the new experi-
ments;

2

« The more frequent repetitions of the experiments at dif-
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ferent times;

©- . 3..-The improved experimentalfapparatus;'

4. The fact that the values are smaller. Faults in the ad-
justment of the planes or in the smoothness of the surface would
always cause upward deviations;

5. The new values agree more closely with the law of simili-
tude; |

8. TFroude's neglect of the displacement and edge resistance;

7« The good agrcement with the results of the writer's ex-
veriments in Dresden-Uebigau, where the sveed range was also some—
what greater than Froude's.

All of the above are reasons for abandoning Froude's values.
The following reasons are to the contrary:

1. Nearly all the available results of towing exveriments
with models were calculated with them;

2. New experiments with surfaces, which were covered with
antifouling paint and hence furnished the transition from the
smooth surface of the models to the probably rougher surface of
the ship,* need to be completed;

3. Proef is lacking, as to how the gurface résistance varies
for curved surfaces and for other than rectangular surfaccs and
especially the resistance for objects (Sce Section 13, "McEnteels

Experiments" ).

*In towing experiments, this does not enter inte the question for
small scales, since the smoothness of the model and of the ship's
surface must be similar. ’
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4. Experiments are lacking with large ships, executed in a
manner similar to the ones performed by the older Froude with the

"Greyhound."
13. William McEntee's Experiments.

The results of resistance experiments by William McEntee with
planes in two lengths were published in the "Transactions of the
Society of Naval Architects and Marine Engineers" in 1915. The
shorter steel planes 3.05 m (10 ft.) long and 0.81 m (2 ft.)
wide and weighing 4.536 kg (from which the thickness, not given
by lcEntee, was computed to be about 3 mm) were coated with anti-—
fouling paint and were towed both in the freshly painted condi-
tion and also after various periods of exposure to the action of
sea water. The fouled paint ﬁas then carefully removed, the
plane freshly painted and again towed in the painted condition.
For the freshly painted (of course well dried) plane, the speed
expoﬂent wags found to be 1.88 and the coefficient A = 0.17 at
speeds up to 4.6 m/s, values which agree remarkably well with
the value here given for lacquered surfaces. We may therefore
assume with probably suffiéient accuracy, that the values found.
for lacquered surfaces also hold good for smooth ship hulls.

Experiments previously performed by the writer demongtrated
that even smooth paraffin and smooth plaster made ffom pure ce-
ment are to be regarded as having the samé value as lacquer with

regpect to the surface resistance.
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Furthermore, Mr. McEntee's experiments demonstratced that,

 with these shorter planes 6f 3.05 m length, the surface resistance

increased three 0 four-fold, when the planes were exposed from
five to twelve months to the action of sea water. Cleaning and
fresh paint, however, restored the resistance to almost exactly
what it was at first. These experiments do not demonstrate, how-
ever, that this great inofease in resistance, caused by the corro-
sion of the paint and by the barnacles, would be in the samc ratio
for longer surfaces. t is, instcad, probable that with increase
in length, there would be a considerable reduction in the per—
cental ‘rcsistance increase,* because such a strong watcr current
would be generated by the front portion of the surfacq that less
would be left for the rear portion to do, than in the casc of a
gmooth surfaoe; Hence the need of experiments with such rough
planes of the greatest possible difforence in length.

The longer planes, apparently wooden, which McEntce tecsted,
were 6.1 m (30 ft.) long, 0.6l m (3 ft.) wide and 19 mm thick,
and were lacquercd and towed at speeds up to 5.66 m/s (11 knots
per hour). The exponents 1.883 and 1.886 and the coefficient A
converted to 0.1435 for m, kg, and sec., likewise agreed well
with those obtained in the new experiments.

McEntee's long planes were not rectangléesy but oblique-

* The experiments of William Froude, with planes roughcned by

sand of varying coarsecness, were not satisfactory, since, as
McEntee demonstrated, no such differcences were obtained as with
the smooth planes. In this casc alsgo, as in gencral, Froude's ex-
periments did not satiscfy modern gpeed requirements.
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angled parallelograms, having an angle of 30°, with the lower
_nggemprojeotinghfogward, dereoverL,pheyrwere towed entirely
submerged, with the ypper edge, however, only about 20.3 mm undér
water. |

The attempt to reduce the surface resistance, with graphite,
oil or soap, below that for lacquer, was also demonstratced by

McEntee to be in vain.
1l4. Contemplated Continuation of the Experiments.

The results of these experiments seem to indicate the desir-
ability of continuing them in a different direction. Preparations
have been made for experiments with still longer planes and for
investizating the motion of the water around the moving plane,
both laterally and also longitudinally at various distances from
the leading edge, underaeath and at various heights, Hence no
report is here given on the motion of the water and on the con-
clusions which might be drawn from the exveriments already made.
Further special experiments are contemplated on the longitudinal-
edge resistance.

Experiments with surfaces of other kinds and shapes and es¥
pecially with the surface resistance of bodies are important for
ship designers. Since a thin plane, as well as a thicker body,
iﬁ“ifs motion thféﬁgh the water, genératesgrdt a certain distance,
a lateral flow toward the rear, this investigation will be very

comprehensive and not very simole. The measurement of the water's
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velocity will be rendered more difficult by the formation of
,Waves:anq,,sipgﬁmpea;}ng}lp;nvesfigators have hitherto disregord-
ed this factor, nothing of use is given inrthe literature on the
subject.

There also remains to be investigated the effcct on the sur—
face resisﬁance produced by reducing the cross-section of the
'water. '

Summary

The proof of the validity of the Reynolds law of gimilitude
for the surface resistance of planes has been developed with an
accuracy hitherto unattained and for a large range of lengths
and speeds. It has becn shown that, in addition to the form re~-
sistance, the resistance of the longitudinal edges must be taken
into account.

A comparison with Froude's values showed that the new values
are considerably smaller. They agree well, however, with the
results of the writer's Dresden experiments and with the values
obtained by Mr. McEntee. |

Further experiments are desirable and are contemplated.
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18. Appendix.

"Brief deduction of the Reynolds law of similitude for plane sur-

faces towed longitudinally in a straight line through water.*

It is known that the law of similitudg can often yield numer-
ical results in important dynamic problems, for which the ordi-
nary method of mathematical deduction is not available. It re-
produces motion phenomena by means of a model, determines the mag-
nitude of the forces required to produce the motion and predicts
the force required for the production of gimilar phenomena on a
larger scale. The greatest use of it will probably be made in
ship designingr The simplest cases are those of surfaces moving
laterally or longitudinally through water. We will here discuss
only the latter case.

The task might perhaps be given the law of gimilitude to de-
- termine the magnitude of the force required to move a large, rec-
tangular, smooth, lacquered, thin plane of given dimensions, at
a given uniform speed, completely submerged and parallel to the
surface of thec water.

As the experimental model, there had to be constructed an
exactly similar plane A** times as small in all its dimensions
and even in its degree of roughness. In towing this plane, all

" the paths of the correspornding water particles have to be exactly

* See also "Sammelheft 1 des Ausschusses fur technische Mechanik
des Berliner Bezirkvereins deutscher Ingenieure," Berlin, 1919:
M. Weber, "Die Grundlagen der Aehnlichkeitsmechanik und ihr Aus-
bau zu einem periodischen System der Modellzesetze."

** The gymbols are taken from Weber.
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similar to those'produced on the large scale and have likewise
tohb§rr§quoed in the ratio A. It is also desirable that the
duration veriod of théréompérablé p@eﬁomeha for‘all‘parti¢1es
should have the same fixed scale 7. It is also desirable that
the water cross—sections, unless so large that they can be rc—
garded as practically infinite, should have the same ratio A to
one anothcr. Corresponding distances and durations shouid thecre-

fore be observed.

If the length rztio A is arbitrarily chosen, it then follows,
from the requirement of similarity for the paths, that the time
ratio T must correspond and vice verca.

Mechanical similarity requires, in contradistinction to ki-
netic similarity ( which prescribes the compulsory paths for the
mass elements), that all mass elements carry out their motions
freely under the action of natural forces.

In the present case, therefore, the acceleration forces of
the magnitude ("mass times acceleration") and the forces of vis-
cosity are alone operative. It even followg that the,forces'of
viscosity must equal the forces of acceleration, since, when weo
assume, in advance, such a vanishingly small thickness of the

plane that the form resistance vanighes, then the water particles

can be acgclerated only by the effect of the viscosity, i.e., the

whole force of vigcosity must be cmployed for mass accelcration.
Corresponding to their manver of working, the viscosity forces

are also termed internal-friction forces.




N.A.C+A. Technical Memorandum No. BOS 71
The following symbols can how be introduced:

Symbol for full-siz€d object - Technical

and for model A unit ef—mass

Length L 1 m

Time T % sec.

Force K x kg

Surface F T m=

Volume Vol vol m3

épccd v v E%o—

Acceleration B b

Mass M m

Density = acco%gigtggnwgiihzo gravity (P) P

Weight unit (v) v

Technical viscosity valuc (r) 7

Visizosity factor (v) v
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- oa c d
Symbol for full-gsized object - Conversion| Similitude
and for model scale symbol
Length L 1 A L=1MX\
Time T % g T =t T
Force K k K K=k K
Surface F £ N2 F=f N
Volume Vol vol 2 Vol = vol X
Speed ' v v _?F\ 'V = v _2%
Acceleration B b
Mass M m
Density =
unit.of weicht : (p) p
acceleration due to gravity
Weight unit (v) v
Technical viscosity value (n) 7
Viscosity factor (v) v
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We can now write the magnitude of the molecular tension on
“the éorreBponding'éurfaoes"F“and f as {n) %% and 1 %%, when.

5V &v
¥ and 3

and n. The internal frictioh forces acting on the corresponding

denote the speed changes on the normal surface N

surfaces F and f are therefore

— () 8L ang x = n ST
K=(n) gy Fand k="gr:

Hence

&V
ML .
k n &Y T T T oo T -
§n d

! " _ 4 '
k=2=UB_(Phpe Ao (0) (3)
k mb P N P T

These two expressions are equivalent and hence

) X o= (0) M o .= @(0)m

T T @ - P (n)
or, if we introduce (v) = bﬂ% énd p = 4
P o’
2P )
) . B
Hence
T =L L
I S ()

The last equation is the Reynolds model law for corresponding per-
iods of time. In considering exactly &quivalent fluids at the

same temperature, this equation is simplified to
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T f 17 :0F : (5)

"7 If we'wish to determine the speed ratio, we only need to

write equation (3) in the following form:

or

or ( _ ( ’
V)l Vv ) v
T ooy o= — T - _
’ L v L A (6)

The last equation can be written in the following important form:

<3

L

(v - 7% =V (7)

¥ is nondimensional, sinrce both enumerator and denominator
have the samec unit of measure m®/sec. It is the nondimensional .
form of the Reynolds model law and is tnerefore independent of
the units of measure employed.

According to equation (3), the ratio of the forces is

%
or o
(p) (®F %1%
K = 5 5T = (e)
0

The trend of modern cxperimental science is to exnress exper-

imental results as far as possible in nondimensional forms.
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Equation (?j ctnfsing this law for the soeeds in terms of the di-

vided scales and the viscositics. There still remains t0 be

found the nondimensional expression-
¢ =1 (¥)
for the forces.

If we write equation (2) in the form

| 2
k= K _MB _ (P) »e %%_= (P)FV? (9).

we obtain the two inseparable equations

K

i

a (p) F V"l

a pf v? J (10)

i
!
3
ik

in which a is a common coefficient. Equation (10) can also be

written
e (o) 1 v

2

K
k

o A-__._x

€ P 1 v

Since VL/(V) = vi/v = ¥, we have

[K = ¢ (p) We(wfi

<k = e p y® v® } ()
or, if we substitute ¢ for ¢ ¥°,

£ =t (o) (v)°

mtwéwéé

£

-~

From the forces measured on the model, however, we obtain
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¢ = —Fp (13)
o v ‘
‘which is also nondimensional
Translation oy Dwight M. Miner,

National Advisory Committee
for Aeronautics.
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